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ABSTRACT. This article intends to initiate an investigation into the structure of M-ideals in
H*> (D), where H>°(D) denotes the Banach algebra of all bounded analytic functions on the
open unit disc D in C. We introduce the notion of analytic primes and prove that M-ideals in
H®° (D) are analytic primes. From Hilbert function space perspective, we additionally prove
that M-ideals in H*°(D) are dense in the Hardy space. We show that outer functions play
a key role in representing singly generated closed ideals in H*°(D) that are M-ideals. This
is also relevant to M-ideals in H*°(D) that are finitely generated closed ideals in H> (D).
We analyze p-sets of H*°(D) and their connection to the Silov boundary of the maximal
ideal space of H*°(ID). Some of our results apply to the polydisc. In addition to addressing
questions regarding M-ideals, the results presented in this paper offer some new perspectives
on bounded analytic functions.
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1. INTRODUCTION

The objective of this work is to integrate two classic concepts that are rich and indepen-
dent areas of study: M-ideals in Banach spaces and the Banach algebra H>(D). In 1972,
Alfsen and Effros [3] introduced the concept of M-ideals (see Definition 1.1) as a means of
extending the utility of closed two-sided ideals in C*-algebras to Banach spaces. They proved,
in particular, that a closed subspace of a real Banach space is an M-ideal if and only if the
closed subspace satisfies the 3-ball property. Beginning with this geometric implication, the
concept of M-ideals evolved into one of the most useful tools in Banach space theory (specif-
ically in the geometry of Banach spaces) and eventually became a subject in its own right.
See the monograph by Harmand, Werner, and Werner [18], and also see the series of papers
6, 10, 11, 14, 16, 17, 19, 35, 44, 45, 46] and the references therein.
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The second topic of this paper, H>*(D), is even more classic (see Bers [5] and Kakutani
[30], and the survey by Gamelin [12]). Recall that H>°(D) stands for the space of bounded
analytic functions on the open unit disc D = {z € C: |z| < 1}, that is

H>*(D) = {f € Hol(D) : sup |[f(2)] < oo}

This is a commutative Banach algebra with respect to the pointwise product and under the
supremum norm

7l =suplf()  (f € H™(D))

H>(D) is one of the most important Banach algebras that plays a key role in the theory
of Hilbert function spaces and Banach spaces of analytic functions [26]. And because of
its analytic nature, it fits well between commutative C*-algebras and generic commutative
Banach algebras. For instance, if M(H> (D)) denote the maximal ideal space of H>°(ID), then
the Gelfand map I' : H*(D) — C(M(H>(D)) defined by

L) =r (f e H*D)),

is an isometry: a prototype feature of commutative C*-algebras (see Section 2 for more de-
tails). However, despite being concrete and popular among commutative Banach algebras,
this space raises fundamental problems for which there are no definitive solutions. The struc-
ture of the closed ideals in H*(D), for example, is still obscure (however, see [22], and also
see [2, 9, 34]). On one hand, this space has undergone extensive research in the context of
Banach spaces of analytic functions (cf. [8, 28, 31, 32, 33]). On the other hand, as far as
our knowledge extends, H>°(ID) has not been investigated in any way from the standpoint of
M-ideals. And in this paper, this is exactly what we do.

Note that H*(D) is also an example of a uniform algebra, and the classification of M-ideals
in uniform algebras, which often involves maximal ideal spaces, is well known (see Theorem
2.3). Unfortunately, since the maximal ideal space and the Silov boundary of H (D) are hard
to understand, uses of the general classification (which also includes peak sets and p-sets) on
the uniform algebra H*°(ID) only give abstract results. In fact, as we proceed further, along
with M-ideals we will also study the delicate structure of p-sets of the maximal ideal space
of H*(D).

We now go over the definition of M-ideals. Hereafter, all the Banach spaces are over the
field of complex numbers. Furthermore, projections on a Banach space refer to bounded linear
operators P on that space such that

P?=P.

Definition 1.1. A closed subspace C' of a Banach space X is said to be an M-ideal in X if
there exists a projection P : X* — X* such that
ranP = C*,
and
[Pz*[| + [[( = P)x™|| = [[=7],
for all z* € X*.

The projection P above is commonly known as an L-projection. Also, we denote by C+
the annihilator of C"

Ct={r" e X*:2*c=0}.
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We now proceed directly to elucidating the main contribution of this paper. The issue
of classifying or representing M-ideals in H*°(ID) is highly intricate, and its complexity is
comparable to the hierarchy of maximum ideal spaces in H>*(D). Indeed, our first result
refers to the “size” of M-ideals in H*(DD) (see Proposition 3.3):

Proposition 1.2. Fach mazimal ideal in H>*(D) that corresponds to a complex homomor-
phism in the Silov boundary of H*(D) is an M-ideal in H>*(D).

Denote by dsH>(ID) the Silov boundary of the maximal ideal space M(H>® (D)) of H*(DD).
The above result says that for each ¢ € dgH> (D), the singleton set {¢} is a p-set of H>(D),
and hence the maximal ideal corresponding to each complex homomorphism in dsH>(ID) is
an M-ideal in H>(ID). Therefore, it seems overly generic to have a detailed description of
every M-ideal in H*(D).

As already hinted, there is an inextricable link between the theory of M-ideals in a uniform
algebra and the structure of p-sets within the same uniform algebra. This paper presents
new insights on p-sets of H*°(ID) and their application to M-ideals in H*(D). For instance,
Theorem 4.1 states:

Theorem 1.3. Let QQ be a nonempty subset of M(H*(D)). If Q is a p-set of H*(D), then
Q N IsH>(D) # 0.

It is noteworthy to mention that, in contrast to the maximal ideal spaces of H>*(D), evalu-
ation functions do not correspond to M-ideals in H>°(D), and they play a less significant role
(see Corollary 4.2).

Next, we introduce an analytic counterpart of the algebraic notion of prime ideals in com-
mutative rings. Before getting into the specifics of this new idea, it is important to go over a
key feature of bounded analytic functions. Given a function f € H*(D), we denote by f the
radial limit extension of f:

f(z) = lim f(rz) (z € Tae.). (1.1)
r—1-
The above limit’s existence is an intricate implementation of Fatou’s theorem [26, page 34].
Definition 1.4. A proper nontrivial closed subspace J of H>®(D) is called an analytic prime
whenever it meets the following condition (see Definition 5.1): Given f and g in H>*(D), if

fgeJ
and R
f(2)]>6  (2€T),
for some § > 0, then
g e J

[t is now reasonable to look for examples of analytic primes in H*°(D). In Theorem 5.2,
we prove that M-ideals in H*(D) are analytic primes in H*(D):

Theorem 1.5. Proper nontrivial M-ideals in H* (D) are analytic primes.
We also connect M-ideals with inner functions. A function f € H>°(ID) is called inner if
f(2) =1,

for all z € T a.e. [26, page 62]. It is clear that the space of inner functions forms a multi-
plicative set in H*(DD). In Corollary 5.3, we prove that:
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Theorem 1.6. A proper and nontrivial M -ideal in H*(D) never intersects the space of inner
functions.

We also discuss some relationships between M-ideals in H*°(D) and the theory of Hilbert
function spaces as well as classical operator theory. The Hilbert function space here is the
Hardy space

1
HY(D) := { f € Hol(D) : ||f]| = ( sup / (=) Pdp(2))” < oo .
O<r<1 JT
where dy denotes the normalized Lebesgue measure on T. In terms of radial limits, H?(D) is
also the Hilbert space consisting of all analytic functions on D with square summable Taylor
coefficients (see Section 5 for more details):

HAD) = {f = anz" € Hol(D) : | f]| = (Y lawl?)” < o0},

The integral representation of H*(ID) implies that the inclusion map
i: H*(D) — H*(D),

is a contraction. In Theorem 5.5, we prove a Hilbert space property of M-ideals in H>*(D).
More specifically:

Theorem 1.7. If J is a nontrivial M -ideal in H>*(D), then
H?(D)

J = H*(D).
This norm density property is a notable characteristic of M-ideals in H*°(ID). This indeed

reminds us of the norm density of the ring of polynomials:
—HQ(D) 9
Clz] = H*(D).
Now we turn to the principal ideals or singly generated ideals in H*°(D). Given f € H>*(D),
we denote by e m)(f) the closed ideal of H>°(ID) generated by f. Therefore

In() =g g e B=D)} " (1:2)
We remind the reader that the classification of principle ideals in H*(D) is unknown. Our
goal here is to study the M-ideal structure of Iyeomy(f). Our first necessary condition for
such a property is rather operator theoretic. In fact, as a consequence of Theorem 1.7, we
have the following feature about Toeplitz operators on the Hardy space. Let ¢ € H>®(D).
The Toeplitz operator with symbol ¢ is the bounded linear operator T}, on H*(D) defined by

T.f=¢f  (f € H(D)).
If Tpyoo(mny(¢) is an M-ideal in H>°(D"), then (see Corollary 5.6)
ker T7; = {0}.

It is worth noting that ker 7] = kerT;. Kernels of Toeplitz operators are recognised as
complex objects and a subject of independent interest [24, 42, 43]. Therefore, M-ideals in
H>(D) touch on the delicacy of the kernels of Toeplitz operators.

We continue with more Hilbert function space techniques and results. We need to recall
the inner-outer factorization of functions in H*°(DD); an essential result in functional analysis,
particularly in the analysis of bounded analytic functions and Hilbert function space theory:
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Let f € H*(D) (or even f € H?*(D)) be a nonzero function. Then there exist an inner
function f; and an outer function fo such that [26, page 67]

= Iifo, (1.3)

on D. Moreover, this factorization is unique up to a constant of modulus one. Recall that a
function f € H*(D) is outer if

span{z™f :m > O}H ®_ H*(D).

We have already talked about the role of inner functions in M-ideals. The following is the
second application of Theorem 1.7, which yields a significant consequence that links M-ideals
with outer functions (see Corollary 5.8 for more details):

Theorem 1.8. Let f € H®(D). If Iyem)(f) is an M-ideal in H* (D), then f is an outer
function.

All the results from Theorem 1.5 to the theorem stated above are applicable in the polydisc
setting and are consolidated in Section 5.

The above result also calls on the question of the extent to which the converse is true.
The answer to this problem is apparently difficult. However, we introduce a large class of
bounded analytic functions for which the converse is true. To clarify this class, it is necessary
to introduce the notion of essential zeros of H*(ID)-functions, which may be a concept of
independent significance.

Definition 1.9. We say that z € T is an essential zero of an outer function f € H>®(D) if,
for any € > 0 and every open neighborhood N, C T of z, we have the following:

p(1f171(0,€) N N.) # 0.
We let Zr(f) denote the essential zeros of the outer function f.
Clearly, if Zr(f) = 0, then f is invertible. The example presented in (6.4) serves to illustrate
the computation of zero sets of outer functions. The notion of zero sets of functions in H* (D)

relies on the outer part as follows (see (1.3)): The zero set of a function f € H*(D) is defined
by

ZT(f) = {Z eT:ze Z’]T(fO)}

Definition 1.10. Define Z>=(D) as the set of all functions f in H*(D) that have a continuous
extension to Zp(f).

It is also evident that A(D) C Z°°(D), where A(D) is the disc algebra defined by
A(D) = {f € O(D) : flp € Hol(D)}. (1.4)

On the other hand, Z>°(D) is significantly larger than A(ID). Indeed, in Section 7, we assert
that A(D) & Z>(D). However, we do not know the measure of the set H>*(D) \ Z>(D).

Nevertheless, in the category of functions in Z°°(ID), outer functions represent singly generated
M-ideals in H*(D) (see Theorem 6.2):

Theorem 1.11. Let f € Z*°(D). Then Iysm)(f) is an M-ideal in H*(D) if and only if f
s an outer function.
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Moreover, in the case of outer functions in Z°°(D), the corresponding singly generated
M-ideals are explicit: If f € Z°°(D) is an outer function, then (see Corollary 7.1)

Z(f) ={g9 € H*(D) : Zz(f) C Zz(g) and g has a continuous extension to Zg(f)}.

In Example 7.6, we present an M-ideal Iyoom)(f) in H*°(D) such that f is an outer function
and
f ¢ 7=(D).

All the results and examples presented here suggest that the structure of M-ideals in H>*(D)
is by far complicated, even at the level of singly generated ideals in H>°(ID).

We have also revealed the structure of M-ideals in H*(ID) that are finitely generated by
functions from Z*°(D). Given {fi,..., fm} € Z°(D), denote by Iyeomy(fi,- .., fin) the closed
ideal generated by {fi,..., fim}. In Theorem 8.1, we prove:

Theorem 1.12. Let {f1,..., fm} C Z%(D). If Igem)(fi1,. .., fm) is an M-ideal in H*(D),
then there exists an outer function f € Z°°(D) such that

Tgooy(f1s -5 fm) = Ty (f)-

The above result has some peculiarities within the framework of ideal theory. Indeed, this is
reminiscent of the ascending chain condition in a ring. More specifically, the finitely generated
ideal subjected to the M-ideal condition yields the subsequent terminating fact:

Treom)(f1) C Theem)(f1, f2) © -+ C Taoomy(f1, -+ fin) = LHoomy (f)-

We further recall that a ring R satisfies the ascending chain condition on ideals if and only
if every ideal of R is finitely generated. Note that rings that satisfy the ascending chain
condition on ideals are also called Noetherian.

Alongside the results mentioned above, this article covers additional results about M-ideals,
p-sets, and associated areas. Furthermore, an ample number of examples and counterexamples
have been provided. We refer the reader to [6] for the theory of M-ideals in the context of
Banach algebras, such as M-ideals that are ideals. Also see [16] for some natural examples of
M-ideals, and see [39] for more exotic examples of M-ideals.

We shall now delineate the structure of the subsequent sections of the paper. Section 2
provides an overview of the foundational concepts, recalls definitions, and conveys known
results that will be used in the next sections. Section 3 illustrates the extensive magnitude of
M-ideals in H*(D), while Section 4 discusses p-sets from the standpoint of the space H>(D).
In Section 5, we introduce the notion of analytic primes in H°°(D) and prove that proper M-
ideals are analytic primes. A number of the results presented in this section pertain to Hilbert
function space theory, such as Toeplitz operators, outer functions, and inner functions. Each
result in this section applies to several variables. The primary emphasis of Section 6 is on
principal ideals in H>°(ID) that are generated by functions from Z°°(ID). Section 7 provides
direct applications of results from previous sections and offers examples that illustrate the
intricacy of the functions introduced earlier. Section 8 focuses on M-ideals generated by finite
number functions in Z°°(D).

2. PRELIMINARIES

We already pointed out that H>°(D) is a uniform algebra. Here we begin with the formal
definition of uniform algebras. A wuniform algebra on a compact Hausdroff space K is a
uniformly closed subalgebra of C'(K) which contains the constant functions and separates
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the points of K. Evidently, a uniform algebra is a commutative Banach algebra (under the
uniform norm).

Now we set up some basic structures of commutative Banach algebras. Let A be a com-
mutative Banach algebra with unit. Let us denote by M(A) the maximal ideal space of A.
Since A is unital, we know that M(A) C S+, where given a Banach space X, we define the
unit sphere of X as

Sx={x e X :|z||x =1}
Hence by the Banach—Alaoglu theorem and the fact that M(A) is closed, it follows that
M(A) is a compact Hausdorff space in the weak-x topology. If we denote by C'(M(A)) the
algebra of continuous functions on M(A) with the supremum norm, then the Gelfand map

[':A— C(M(A),
is a contractive homomorphism of Banach algebras, where
L(f)=/.

and

(@) =e(f),
for all f € Aand ¢ € M(A). A subset C' C K is called a boundary for A if

supl ()| = max| (=)
zeK ze

for all f € A. The Silov boundary for A, denoted by dsA, is the smallest closed boundary for
A, that is [25, page 173]

0gA = ﬂ{C’ C K : Cis a closed boundary for A}.

Equivalently, dsA is the smallest closed subset of M(A) on which every f € I'(A) attains its
maximum modulus. Next, we turn to the unital commutative Banach algebra H*(D) [25,
Chapter 10]. In this case

oo =l = sup [f(e)l; (2.1)
peM(H>(D))
for all f € H>(D), that is, I an isometric isomorphism from H*(D) into C(M(H>(D))).
Evidently, ' is not onto. We use the Gelfand map T" : H>*(D) — C(M(H>*(D))) to identify
H*>(D) with H/OO(TD)), where -
H>(D) := [(H*(D)),
Therefore, @), and hence an isometric copy of H*(D), is a uniformly closed subalgebra
of C(M(H*(D))). In particular, H/OO(TD)) contains constant functions and separates points
25].
| f]{?call from (1.1) that for a function f € H*°(D), the radial limit extension of f is denoted
by f, where

f(z) = lim f(rz) (€ Tae.).

r—1-

This yields a natural way to identify H*°(D) with a closed subalgebra of L>(T), where
L>®(T) denotes the von Neumann algebra of all essentially bounded measurable complex-
valued functions on T. If H*(T) denotes the copy of H>*(D) in L>*(T), then

—~— e~

H>(T) = L>(T) N H*(T),
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—~——

where H2(T) C L*(T) is the Hardy space on the unit circle T (again, via radial limits as in

(1.1)). In view of the above identification, we denote by feH >(T) the function correspond-
ing to f € H*(D). In other words, we can represent H>°(ID) as a uniformly closed subalgebra
of L>®(T). This point of view is useful in identifying the Silov boundary of H*(D) in the
sense that

OsH™(D) = 7(M(L>(T))), (2.2)
where the map 7 : M(L>(T)) = M(H>(D)) defined by

(@) = elu=m) (¢ € M(L>(T))),
is a homeomorphism [25, page 174]. These tools will frequently be implemented in the next

sections. In addition, we will see soon that p-sets are closely connected to the theory of
M-ideals in H*(D). We recall:

Definition 2.1. Let A be a uniform algebra on a compact Hausdorff space K. A closed subset
C C K is said to be a peak set if there exists a function f € A such that

fle =1,
and
1f(z)] <1 (x e X\ C).
We frequently say that [ peaks on C.

Clearly, if f € A peaks on C', then
I/l =1.

It is easy to see that a countable intersection of peak sets is a peak set [15, page 208|. In
general, we define:

Definition 2.2. Let A be a uniform algebra on a compact Hausdorff space K. A set P C K
1s called a p-set of A if P is the intersection of a family of peak sets.

Some of the well-known and general features of p-sets are as follows: (i) A p-set is a peak
set if and only if it is a Gg-set [13, Lemma 12.1]. (ii) A countable union of p-sets is a p-set
whenever the union is a closed set [13, Corollary 12.8].

We conclude this introductory section by recalling the following characterizations of M-
ideals in uniform algebras in terms of p-sets and bounded approximate units. This result will
be frequently used in what follows.

Theorem 2.3. [18, Chapter V, Theorem 4.2] Let A be a uniform algebra and let J a closed
subspace of A. Then the following conditions are equivalent:
(i) J is an M-ideal of A.
(ii) J is the annihilator of a p-set of A.
(iii) J is an ideal of A containing a bounded approzimate unit.

Recall that a bounded approximate unit in a commutative Banach algebra A is a bounded
net {z;};en C A such that
|ziz — x||la — 0 (x € A),
along the net. In our analysis, we will mostly use the equivalence of (i) and (iii) in the
preceding theorem. More specifically, we will enhance the practical relevance of this criterion
by applying it to the specific context of uniform algebra H*>(D).
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3. M-IDEALS ARE COLOSSAL

The maximal ideal space of H*(D) is renowned for its vastness and complex peculiarities.
Put simply, the maximal ideal space of H*(ID) is highly intricate and serves as a hindrance
to fully understanding the structure and characteristics of H*(ID). The objective of this brief
section is to highlight the notoriety of the space of M-ideals, just analogous to the maximal
ideal space of H>*(D). First, we recall a lemma concerning classification of p-sets [18, V,
Lemma 4.3]. Denote by e the unit of the given uniform algebra.

Lemma 3.1. Let A be an uniform algebra on a compact Hausdorff space K, and let D be a
closed subset of K. Then D is a p-set for A if and only if for each € > 0 and open set U D D,
there exists a € A such that the following three conditions hold:

(1) fle —all <1+,
(2) alp =0, and

(3) |(e = a)lw| <e.
We also need to recall a Urysohn-type lemma for H*°(D) from [4, Lemma 2.1].

Lemma 3.2. Let U be an open subset of M(H*>(D)). Then for each ¢ € (0,1) and ¢y €
UNosH>®(D), there ezists f € H*(D) such that

(W) 11 = F (po) = 1,
2) sup {|£(0)| - ¢ € s H=D\U } < ¢, and
(3) 1f(9) + (1 =)L = f(9)| < 1 for all € M(H(D)).

Now we turn to M-ideals in H*(D). Fix ¢ € dgH*(D) and ¢ > 0. Then there exists a
function f € H*°(D) such that f satisfies (1) to (3) of Lemma 3.2. If we let

g=1-1,
then

9ltwy =0,
and

1—gll=1,
and

(1 = g)losr=poll <e.
This fulfils all requirements of Lemma 3.1, with e equaling 1 and a equaling g. Consequently,
it follows that {¢} is a p-set of H>*(D). Hence, by Theorem 2.3, ker is an M-ideal in
H>(D). Consequently, we have established the following result, which, in particular, states
that the collection of M-ideals in H>*(D) is immense.

Proposition 3.3. Fach maximum ideal in H>* (D) that corresponds to a complex homomor-
phism in OgH>®(D) is an M-ideal in H*(D).

On the contrary, it is easy to verify that each closed subset of T is a p-set for C'(T), where
C(T) denotes the space of all continuous functions on the unit circle T. As a result, M-ideals
in C(T) are ideals of functions that vanish on some closed subset of T. Observe that C(T) is
a commutative C*-algebra.

On the other hand, the disc algebra A(ID) is a commutative Banach algebra that is also a
uniform algebra on D. At this point, we recall the Glicksberg peak set theorem [13, p. 58]:
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Let A be a uniform algebra on a compact Hausdorff space K, and let D be a closed subset of
K. Then D is a p-set if and only if up € At for all measure u € A+, That is, D is a p-set if
and only if p|g is orthogonal to A for all measures p orthogonal to A.

Returning to the uniform algebra A(D), we first observe in view of the F. and M. Reisz
theorem, that any measure orthogonal to A(D) is absolutely continuous with respect to the
Lebesgue measure. Hence the p-sets of A(D) are precisely the closed subsets of T having
Lebesgue measure zero. Therefore, a closed subspace C' C A(D) is an M-ideals in A(D) if
and only if there exits a subset D C T of Lebesgue measure 0 such that

C={feAD): flp =0}

In the context of M-ideals in vector-valued disc algebras, we refer the reader to [1]. Clearly,
the structure of M-ideals in A(D) is simple and clean. On the contrary, the above proposition
clearly suggests that the situation of representing M-ideals in H*°(D) is a complex problem.
Our results and methodology in this paper will also emphasise this characteristic.

4. p-SETS

According to Theorem 2.3, the investigation of M-ideals in H*>°(D) is comparable to the
analysis of p-sets. The theory of p-sets presents an equally challenging problem for the space
H>(D), just like M-ideals. Within this section, our objective is to pick up a few significant
characteristics of p-sets, specifically focusing on concrete examples of M-ideals in our par-
ticular scenario. Naturally, the results also hold independent significance for the scrutiny of
p-sets of H*(ID).

We start with representations of peak sets of H*°(ID). For each o € T and f € Sgeom), we
define

M ={p e M(H*D)): f(p) =al.

It now follows from the definition itself that the peak sets of H>(D) admit the form .#7 for
some a € T and f € Sye(). If f = 2 € Syeo(p), then we simply write

My = ///O{ (a €T).
Therefore, some simple examples of peak sets in H*°(D) includes
My ={p € M(H>®(D)) : 2(p) = a} (€ T).

Now we turn to p-sets and prove that a p-set of H*(D) must meet the Silov boundary
OsH>®(D).

Theorem 4.1. Let Q) be a nonempty subset of M(H*(D)) \ 0sH>*(D). Then Q is not a
p-set of H*(D).

Proof. Let () is a non-empty subset of M(H>(D)). Let
P=QnNosH>*(D).

Assume that @ is p-set of H>*(ID). We claim that P # (). To this end, suppose {f;}ticr C
SHeo) is the family of functions corresponding to the p-set ), that is

Q= ﬂﬂlfi.

el
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Since P = Q NIdsgH>*(D), we have
P =4 (osH>*(D).
iel
Observe that M(H*>(ID)) is compact and .#;" is closed for each i. Therefore, if the collection
{ ] 0 0sH* (D) }ier,

has finite intersection property (FIP), then one can conclude that P # (). To prove the FIP,
for each finite collection {fi,..., fo} C Sue(m), define

that

Since |lg|| = 1 and 9gH>(D) is the Silov boundary of H>(D), there is at least one 1) €
JsH>(D) such that
b(g) = 1.

This clearly implies that
¥ € M N OsH™ (D),

and hence
MY N OsH®(D) = v TrrTin 0 9gH™
n fij 0o
# 0.
Therefore, the collection {.Z{" N dgH>(D)};c; satisfies the FIP, from which one concludes
that P # (. O

Therefore, we have the following: If @ is a p-set of H>*(DD), then
QN IsH™(D) # 0.
For each a € DD, denote by ev, the evaluation functional at «, that is

eva(f) = fle)  (f € HZ(D)).

The following is a consequence of Theorem 4.1:

Corollary 4.2. Let « € D. Then {a} is not a p-set of H*(D). In particular, the mazimal
ideal ker ev,, is not an M-ideal in H* (D).

Therefore, any subset of the unit disc D is not a p-set of H*(ID). On the other hand, the
equivalence of (i) and (ii) in Theorem 2.3 says that the M-ideals in a uniform algebra A are
precisely of the form

Jp={f€A: flp=0}, (4.1)
where P C K is a p-set of A. In general, we use Jp to denote the set of all functions from
the uniform algebra under consideration that vanish on a set P C K.

Typically, M-ideals in Banach spaces do not have a direct correlation (but some analogy; see

the remark in the first paragraph of Section 1) with the notion of ideals in rings. Nevertheless,
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the above representations of M-ideals promptly reveals that this is not the case for uniform
algebras.

Corollary 4.3. Let A be a uniform algebra. Then M-ideals in A are ideals in the ring A.

Considering an M-ideal J in H*°(ID), we will now establish a connection with two possible p-
set representations of H*°(ID) corresponding to J. Establishing such a link is inescapable from
the perspective of two representations of the uniform algebra H*°(D) over the compact sets
M(H>*(D)) and dsH*(D). To be more precise, if J is an M-ideal in H*(D), then according
to the representation (4.1), there are two subsets P C M(H>(D)) and Q C dsH*(D) such
that

J=Jp=Jg.
In the following, we aim to establish a correlation between P and (). Part of the proof follows
the lines of Hoffman [25, page 187].

Theorem 4.4. Let J be an M-ideal in H*(D). Suppose
J = Jp,
where P C M(H>*(D)) is the corresponding p-set. Then
J = Jpnog = (D)-
Proof. Given the representing p-set P C M(H*(D)) of the M-ideal J, we define
Q =PnNosH™(D).

By Theorem 4.1, we know that @ # 0. Let {f;}ic;r € Sue~(m) be the family of functions
corresponding to the p-set P. Then (see the notation preceding Theorem 4.1)

P ="
iel
Fix an ¢+ € I, and pick ¢ € M{’ Denote by m,, the unique representing measure of ¢ on
ds H>®(ID). We claim that m, is supported on MJ: N dgH>*(D). To see this, first we set

h:1+fi.
2

For each n > 1, we observe that
/ hdm., = (k")
85 H>® (D)
=1.
On the other hand, the sequence of functions {h"},>; is bounded and
il’n — XM{z )

pointwise, where x , s; denotes the indicator function of M{l By the dominated convergence
1

theorem, we have

1 =1lim ﬁ”dm¢ = / )A(Mfidmw = / dm¢,
n JogHe (D) dgHo(D) = MIinag Ho (D)
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and hence the measure my, is supported on M{l N dsH>(D), completing the proof of the
claim. Since P =, Mi it follows that each v in P is supported on M{' N dgH>(D) for
all + € I. Hence the minimal support of ¢ is contained in

ﬂ(wﬁma¢Pmm):Pm%Hmmy:Q
icl
Therefore, for any f € Jpnoga~m) = Jo and ¢ € P, we have

wih) = [ fdm, =0,
PnogH> (D)
and hence Jg C Jp. Since () C P, it also follows that Jg C Jp, and consequently

Jp = Jg,
which completes the proof of the theorem. O

5. ANALYTIC PRIMES

This section will emphasise some significant features of M-ideals in H*° (D). The properties
of M-ideals that are being addressed here are also applicable to the polydisc D™ in C*, n > 1.
Now, the definition of H>°(D") is comparable to that of the single variable:

H(D") = {f € Hol(B") : | f]| := sup |(2)] < o0},

By the same argumentation, H*°(ID") is also a uniform algebra, and so Theorem 2.3 applies
to H>(D").

We stated at the very beginning of Section 1 that the notion of M-ideals was proposed in
[3] as a generalization of two-sided ideals in Banach spaces. Our key result in this section is
yet another algebraic property of M-ideals. Recall that an ideal P in a commutative ring R
is called prime if P # R and if a and b are two elements of R such that

ab € P,

then either a € P or b € P. This motivates the following analytic definition of prime ideals
in H>*(D"):

Definition 5.1. Let J be a proper nontrivial closed subspace of H>*(D™). We call J an
analytic prime as long as the following property holds true: If f and g are two elements of
H>(D"™) such that

fgeJ
and 3
[f(2) >0 (z€T"),
for some & > 0, then
g e J

Note that, just as in the single variable case, here also a function f € H*(D") admits a
boundary value f a.e. on the n-torus T" [40]. Tt ought to be observed that the notion of
analytic primes has the potential to extend to a broad uniform algebra (one perhaps requires
finding a suitable replacement for T™). It is also clear that the concept of an analytic prime
is more potent than prime ideals in H*°(ID") (or a uniform algebra). This also pertains to the
structure of M-ideals in H>(D"). Specifically:
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Theorem 5.2. Proper nontrivial M-ideals in H*(D"™) are analytic primes.

Proof. Let J be a proper nontrivial M-ideal in H*(D"). Since J is an M-ideal and H>(D")
is a uniform algebra, it follows that J contains a bounded approximate unit {f\}rea. Let
f,g € H>*(D"), and suppose fg € J. Suppose there is a 6 > 0 such that

|f(z)|>5 (z €T").
Fix € > 0. There exists A. € A such that
Ifafx— foll <e,

for all A > A.. Since this is the case, there exists a sequence {\,;,} C A such that

79— foll < -

for all m > 1. In view of the identification of functions via radial limits, we now observe that,
for functions in H*°(ID"), the supremum on the boundary is sufficient to take into account.
Section 2 describes the identification for this n = 1 scenario, whereas the n > 1 case works
similarly. Fix an integer m > 1. For all z € T", we have

013(2) frn (2) = ()| < [ F()[3(2) frn (2) = 3(2)]
= f(2)3(2) frn(2) = f(2)3(2)|.
Taking the supremum over all z € T™ gives
ollgfr. — gl < l1fafr. — fall

g.} Am g m Y

for all m > 1. Since
gf)\m €J (m Z 1)7
it follows that g € J. Thus, the proof of the theorem is concluded. O

The analytic prime property of M-ideals in H*°(D) will be frequently used in what fol-
lows. We now present one implication from the preceding result, which is of independent
relevance in terms of the theory of bounded analytic functions and the theory of M-ideals.
Recall that a function v € H*>(D") is said to be inner if

[0(2)] =1,
for all z € T" a.e. Now we prove that an M-ideal never intersects the multiplicative set of
inner functions.

Corollary 5.3. Let J be a nontrivial and proper M-ideal in H*(D"). Then J does not have
any inner functions.

Proof. Recall from Corollary 4.3 that J is a (two sided) ideal of H>*(D™). Suppose that there
exists an inner function v € H*°(ID") such that v € J. Then, by writing

v=1Xwv,

we conclude from Theorem 5.2 that 1 € J. This is contrary to the fact that J is proper. [
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There is an alternate proof of the above, which is an application of Theorem 4.1 and
representations of M-ideals in uniform algebras. Recall from (4.1) that there exists P C
M(H>(D")) such that J = Jp. Now Theorem 4.1 implies that P must meet the Silov
boundary of H>(D"). However, inner functions do not vanish on the Silov boundary [25,
page 179].

Recall that singular inner functions are those inner functions that are zero-free. As a visual,
for each o € T, the function

z+a)

zZ—

Vo (2) = exp ( (z e D),

is a singular inner function in H*°(D). We illustrate the above result through the following
example:

Example 5.4. Consider the closed ideal J in H*(D), where
J={fe H*D): 11_I>Iif(7“) = 0}.

It is easy to see that vy € J. Hence, by Corollary 5.3, it follows that J is not an M-ideal in
H>(D).

Now we present another application of Theorem 5.2. This time, it will be applied to the
Hardy space H?(D"). Recall that [40]

(D) = {f € Hol(D") : ||f]|s := (03151 3 |f(rz),2dﬂ(z))5 - oo},

where dp denotes the normalized Lebesgue measure on T" and rz = (rz1,. .., 2,). In view of
the radial limits, we have the following isometric embedding:

H?*(D") — L*(T™).
Moreover, it is well-known that

H?(D")

Clen, - -, 2] — H2(D"). (5.1)

We also need some operator theoretic concepts that are classic in nature. Given a function
p € H*(D"), we define T, acting on H*(D") by

T,f=¢f (f€H D).

We call T, the Toeplitz operator with the symbol ¢. To follow the convention, we choose
to abuse the notation here; that is, T, instead of T%. The symbols with the independent

variables {z1,..., z,} are known as distinguished Toeplitz operators. In this case, we have
Tzzf = Zlf (f € HQ(Dn))v

for all i = 1,...,n. We now show that the density assertion in (5.1) is true for each M-ideal

in H>*(D").

Theorem 5.5. If J is a nontrivial M -ideal in H>(D"), then

_H2 (]D)n

7T = g2,
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Proof. We know, by (4.1), that
J={p e H*(D): ¢|p =0},

for some p-set of H*(D"™). From here, it is easy to conclude that J is invariant under z;,

n

. —=H?%(D") . . . . . .
1 =1,...,n. Therefore, J ® is also invariant under z;, © = 1,...,n. It is then sufficient to

g2 n
show that 1 isin 7 ® ), To accomplish this, we again use the bounded approximate unit of
M-ideals as we did in the proof of Theorem 5.2. Let {¢x}rea be a bounded approximate unit
in J. As in the proof of Theorem 5.2, for a fixed ¢ € J, there exists a sequence {\,,} C A

such that
1
— o(mny < — 5.2
lepr, — @l ey < — (5.2)

for all m > 1. Note that {¢,,,} is a bounded sequence in H*(D"). Consequently, {,, } has
a weak convergent subsequence, and hence, there exists f € H*(D") such that

tpAmk i> f?

in H*(D"). Since the Toeplitz operator T, on H?(D") is bounded, we obtain

PPrm, — @,
in H2(D"). Also by (5.2), we have
PPAm, — P,

in H?(D"). Here we are using the general fact that H°(D") is contractively embedded in
H?(D"). Therefore

of = ¢,
equivalently
f—1¢&kerT,.
However, since ¢ is an analytic function, we know that
ker T,, = {0}.
This effortlessly implies
f=1
and completes the proof of the theorem, as weak closure and norm closure are identical for
convex sets. O

Recall that for a given f € H*(D"), we denote by Igemn)(f) the closed principal ideal
generated by f in H>®(D") (see(1.2)):

]H‘X’(D”)(f) = {pf ‘pE C[Zh .- 727’&]}

The following is a straight application of the above theorem, which establishes a clear link
between M-ideals and classical operators such as Toeplitz operators.

H> (D™)

Corollary 5.6. Let p € H>(D"). If Igemn)(p) is an M-ideal in H>*(D"), then
ker T, = {0}.
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Proof. Note that ker T = (ranT,,)". But

H2(D") H2(D")

= fHoo(Dﬂ)(@)
= H*(D").

ranT,

The result now follows immediately. ([l

In the first part of the proof of Theorem 5.5, we verified that an M-ideal in H>°(D") is an
invariant subspace of H%(D"). In this context, a subspace S of H*(D") is considered invariant

if
%SCS  (i=1,...,n).

Corollary 5.7. Let J be a nontrivial closed ideal in H*(D™). If there exists a proper closed
invariant subspace S of H*(D") such that

JCS,
then J is not an M-ideal in H*>(D").

Proof. Since S is a proper closed subspace of H?(D"), by Theorem 5.5, it follows that J is
not an M-ideal; otherwise

o) 285270 = 2o,
a contradiction. O

Given a function f € H?(D"), define

H2(D")
Tpom)(f) = span{pf : p € Clzy, ..., 2]} :

In other words, Ip2(pn)(f) is the smallest closed invariant subspace of H*(ID™) containing f.

Corollary 5.8. Let f € H®(D"). If Iygoomny(f) is an M-ideal in H>*(D"), then

]H2(]D)")(f> - HQ(]Dn>
Proof. First, we observe that

- _H2(D")
2w (f) = T o) (f) :

Since Ipoopr)(f) is an M-ideal in H*(ID"), the result directly follows from Theorem 5.5. [

If n =1, then a function f € H*(D) is referred to as an outer function if
Lz (f) = H*(D). (5.3)

Consequently, Corollary 5.8 concludes that if Iyemy(f) is an M-ideal, then f is an outer
function.

Note that the outer functions on the disc are zero-free. The notion of outer functions in
higher variables is, however, different from the above (see Rudin [41, page 72]).
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6. PRINCIPAL M-IDEALS

From now on, we shall limit ourselves to single variable as a result of the unavailability of
tools in several variables that are to be utilised in the subsequent computations. We begin with
the final result, Corollary 5.8, of the previous section. It raises the question of a converse
direction: Does the ideal generated by an outer function in H*°(D) always qualify as an
M-ideal in H*(D)?

The main goal of this section is to prove that for functions in Z°°(ID), the converse is true.
Recall from Definition 1.10 that Z>°(D) is the set of all functions f in H*(D) that have a
continuous extension to Zr(f), where

Ze(f)={2€T:z€Zr(fo)}y  (f € H*(D)),
and fo denotes the outer factor of the inner-outer factorization of f € H*(D). Note that

fz) = Tl_i}r{{ f(rz) (z€Tae.),

is the radial limit extension of f € H*°(ID) to the boundary T. In view of the above definition
of Z*(D), there may exist outer functions f € H*(D) and points z € Zg(f) such that both
f(z) # 0 and f(z) # 0. The point of considering functions in Z>(D) is that this does not
happen here: let f € Z*°(D) and let z € Zp(f). Then, for any sequence {z,} converging to
z, we have f(z,) — 0. In particular, the radial limit function satisfies the following:

fz) = tim f(rz) =0

If in addition, f € Z*°(D) is an outer function, then f(z) = f(z) = 0.
We recall representations of outer functions, which will play a crucial role in our analysis. For
each z € D and 0 € [—m, 7], we define (in this context, also recall the Szegé kernel on D)
i0
S(z,0) = c 2

et — 2

It is well known that a function f € H*(D) (or f € H*(D)) is outer if and only if (see [25,
page 62]) there exists a real-valued integrable function k& on [—m, 7] such that

f(z) = eap (i / e 9)k(9)d6> (> € D). (6.1)

2m ) .

Moreover, in this case

k() = log | f(e")],
for all 0 € [—7, 7] a.e. In what follows, we will assume Zp(f) # 0, otherwise f is invertible
and

I (f) = H*(D).
We need the following lemma:

Lemma 6.1. Let f € Z°°(D) be an outer function. Then there exists a sequence of open sets
{An}m>1 in T such that the following conditions hold:

(1) Zr(f) C Ay for allm > 1.

(2) There exists an open set U,, C T such that Apy1 C U, C Ay, for allm > 1.

(3) u(Anm) (0 asm — 0.

(4) |f| <e™ on Ay, for allm > 1.
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Proof. Consider the representation of the outer function f as in (6.1):

f(2) —eazp( /529 ) (z € D).

By the outer regularity of the Lebesgue measure, there exists a sequence of open sets {C,,}
in T such that

Z1(f) € Cm,
and
Cm—l—l - Cm7
and
#(Cr) = p(Zx(f)) = 0.
For all m > 1. Choose a sequence of positive real numbers {&,,},,>1 such that
Em<e ™ (m>1).

Since f is continuously extendable to Zr(f), corresponding to ey > 0 and « € Zp(f), there
exists a 45 > 0 such that

1f(2) = fl@)| <eu,
for all z € DN B(a,d)), and
(04],51 )ynT ; C1,
where, for each 2y € C and 6 > 0, we write
B(z9,0) ={z € C: |z — 2| < 0}.
Since f(a) = 0, it follows that

[f(2)] <en,
for all z € DN B(a,d,). As Zp(f) is a compact set, there exist scalars {a;}7L, such that

{Oz]} C Zr(f) C U (O‘J751 ).

Define .
B., = U (O‘Jﬁél ),
j=1
and
A =TNB.,.
Now for g5 > 0 and for each o € Zp(f), there exists a §> > 0 such that

[f(2)] < ea,
for all z € DN B(a,d2), and

B(a,d2) CBgl,B(Oz Z)NT S A NGy (6.2)
Again, by compactness of Zr(f), there exist scalars {;}72, such that

fo12, € ze() < U Bloy, 32
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Similarly, define

and

Clearly

B,NT= [J B(a;,02)NT) S B, NT,

where the strict inclusion follows from the inclusions pointed out in (6.2) and the fact that
B., is open. Therefore

Ay = BEQH’JI‘ B, NT = A;.
Evidently, this process continues for m > 2. So we get a sequence {4, },,>1 of open sets such
that:
(1) Z’]l'(f) - Ama m > ]-7 and
(2) A1 C U, C Ay, forall m > 1,
which yields conditions (1) and (2). Also
0 < p(Am) < p(C) =0,

implies (3). We now prove the remaining one, condition (4). Let m € N be fixed. Suppose
f(e) exists for some e € A,, (that is, f(e®) € C). Then there exists a € Z7(f) such that
e € B(a, ™).
Since B(w,0") is open, there exists 0 < s < 1 such that
re' € B(a,5™) ND,
for all s < r < 1. Therefore
|[f(re")] < em,
for all s < r < 1, and hence, the radial limit extension function f satisfies the following
property:
F(e)] < em.
Since e is arbitrary, we get
XAm|f| < gm < 6_’m‘7
which yields (4), and completes the proof of the lemma. O

Now we are ready to prove the main result of this section. Recall that for f € H*(D), we
denote by Igeom)(f) the closed ideal generated by f.

Theorem 6.2. Let f € Z>(D). Then Ig-m)(f) is an M-ideal in H>*(D) if and only if f is
an outer function.

Proof. The necessary part is already in Corollary 5.8 (along with the identity (5.3)). For the
sufficient part, assume that f € Z°°(D) is an outer function. Set

k(0) := log | f(e”)],
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for 0 € [—m, 7| a.e. Then k is a real-valued integrable function, and
1 ™
F(2) = exp <% / S(z,@)k(@)d@) (z € D),

where S(z,0) = zzzz (see the discussion at the very start of this section). It is enough to
build a bounded approximate unit in /g m)(f) (see Theorem 2.3). We proceed as follows:

By Lemma 6.1, we construct a sequence of open sets { A, }m>1 in T such that
(1) Zr(f) € A, for all m > 1.

(2) Api1 C U, C Ay, Uy, open for all m > 1.
(3) p(Am) N0 as m — oo.
(4) |f] < e™™, or equivalently
k(0) < —m,
a.e. on A,, for all m > 1.
For each m > 1, define a real-valued integrable function &, on [—m, 7] as
km = —xac k.

For each m > 1, we claim that k,, is bounded above a.e. We prove this by contradiction. Fix
m > 1. Assume, for each N € N, we have that

w({0:kn(@)>NNAS) > 0.
But
p (117 0. N AL ) = n({6: k(B) < —N} N A7)
— ({0 Fnl0) > N} N AS)
> 0.
Because of the inner regularity of Lebesgue measure, there exists a compact set By such that
By C|f17H(0,e7) N A7,

and pu(By) > 0. Since By is compact for each N, we can find zy € By and a neighbourhood
N, of zy such that u(N,,)=e " and

ZN
(N, N By) > 0.

To see this, one may consider a cover by a set of open intervals of radius e of By. Then,
because By is compact, there exists a finite subcover. Since

u(By) >0,

there exists at least one interval, say NNV, , in the finite sub cover that intersects By with a
positive measure. Take zy to be the centre of this interval V,, . Passing onto a subsequence if
necessary we can assume that {zy} converges to z. Let ¢ > 0 and let N, be a neighbourhood
of z. Without any loss of generality, we assume that N, is centred at z. Then

l2n — 2| < u(N:)/4,
for all N > Ny. Take N sufficiently large so that N > Ny and
P(Nzy) < p(N2) /4,
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and eV < e. Then, for each w € N, , we have

ZN
= 21 < fw — 2] + |2 — ]

< W(Nz,) /4 + p(N:)/4

< p(N2)/2.
Therefore N,, C N,, and hence N,, N By C N,. Since |f| < e N < ¢ a.eon By, it follows
that

p{If171(0,€) N N.}) > u(N.y, N By,) > 0.

This implies that A¢, has a zero of f, which is impossible because Z1(f) C A,,. This proves

the claim, and subsequently, we define outer function g,, by (recall the representations of
outer functions from (6.1))

m(2) = exp (% /_ 7; S(, H)km(e)d9> (- € D).

At this point, we recall that the real part of S(z, #) is the Poisson kernel P(z,0) (see [26, page
30] for more details). If we write z = re®, then as r — 1, we have

1

o [ReS(rer 0)]k: (0)dO — ko (),

a.e. Now

|§m(€l§)| =

r—1

— lim exp <i / ’ P(rei5 | e)km(e)de)

— exp (QL lim [ P(ret, 9)(—“5”(@@‘9%(9))619)

T r—1 r

= exp (—xac, (e°)k())
= exp (km(f)>a

a.e. Since k,, is bounded, it follows that g,, € H*(D). Again, we compute

™

(fgm)(re’) = exp (%r S(re’f,ﬁ)k(é)de) X exp (21 / " S(re®,0)k,, (e)de)

\ﬂ‘\

[ st 9)k(9)de) x exp< / S(re,0) g,n<ei0)k(e)cz9>
o /_ : S(re€,0) (k(8) — x5, ( )d€>
1

/ ' S(re, Q)XAm(e“’)k(H)M) :
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We now claim that {fgm}m>1 is a bounded approximate unit in /g (f). For fixed m > 1
and e € T, we have

e~

|(fgm)(€)| =

lim exp (ZL/ S(reié,e)x,qm(eie)k(ﬁ)de)‘
m

r—1 .

= lim exp <2i / ' P(re®, e)XAm(e”)k(e)de)
)

r—1 T J_r
1 4 ) )
— exp (2— lim [ P(re®,0)xa,, ()k(0)dd

T r—1 0
= oxp (X, (€°)k(9)) ,
a.e. But, on one hand
XAm <€Z£)k(§) = 07
for all €% € A¢ a.e. and, on the other hand, by property (4) above, we know
for all e’ € A,, a.e. Therefore

m (6.3)

We want to show that fg, — 1 uniformly on A7, for each mg > 1. To see this, fix mg > 1.
We know that A, & Ay, for all m > mg. Also, by property (2), there exists M > 0 such
that
e — €| > M,

for all e € A,, and e € A, . Therefore, there exists M > 0 such that

|S(T€i5, G)XAm (eié)’ < M,
for all e € A, “a.e. and m > my. Since

Xa,, () [k(O)] — 0,

pointwise, and

X (V) k(0)] < [k(O)],
on T a.e. by the dominated convergence theorem, we conclude

/7r X, () |k(0)|d6 — 0.

Consequently, for each m > mg, we have
’/ S(Teig,H)XAm(ew)k(@d@’ < M/ X, (€?)|k(8)]d§ — 0,
uniformly for all e € A¢ a.e. Since

Fam(e) = tingesp (- [ S0e0)a, k0109,

r—1 .

we conclude that -
fgm — 17
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uniformly on A¢ ~a.e. and hence, the claim follows. Finally, we turn to compute || f 20m — f]l-
Observe that

1/2gm — fII = max { esssup | f2g,, — fl esssup |f2g,, - fl}-
AS, m
By the fact of uniform convergency above, for sufficiently large m, it follows that
esssup| f2g,, — f| < =.
C
mQ
Therefore, for sufficiently large m, property (4) and (6.3) imply
ess sup |2, — f| < e (™" + 1),
A

m

and hence {f gy }m>1 is a bounded approximate unit in /zeom)(f). O

We conclude this section by computing the zero set of a specific example. This will be
utilized for additional computations in the following section. It is convenient to recall the
representations of outer functions from (6.1): Define an integrable function k on (—m, 7] as
follows:

—n 0 e (A UE =)

) (nJrl){ﬁ 71’ n+11)

1 otherwise .

Define the outer function corresponding to k as

F(2) = eap (% /_ : S(z, 6)k(6)d0) (> € D), (6.4)

where S(z,0) = %t2. We claim that

ef—z

Zn(f) ={1}.
Indeed, since 3
|f ()] =",
for 6 € (—m, x| a.e. it follows that
()] =1,
for all 0 ¢ (—1/2,1/2)). Clearly, for any z = € such that 0 ¢ (—1/2,1/2)), and each
neighbourhood N, of z, we have
Therefore ‘
e’ ¢ Zr(f),
for all 0 ¢ (—1/2,1/2)). Now we consider the case
0 € (-1/2,1/2))\ {0}.

There exists an n > 1 such that

Hence
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for all ¢ € ((nil), u=, (n_—i-ll))' For z=¢” and N, = (5, 1|U[Z}, =L5), and e < e,
we get

|f|_1(076) N Nz - @
Therefore, we again conclude that e ¢ Zp(f) for all @ € (—=1/2,1/2)) \ {0}, and hence

¢’ ¢ Ze(f) (0 €[-mm)\{0})
Finally, for each £ > 0 and neighbourhood N of 1, we can find n > 1 such that e™ < ¢ and

((n_lH)? %] U [_717 (n_+l1)) Q Nl' Therefore,

(52 U[= —5) c it oanm,

(n+1)n n’(n+1)

and hence .
(I f171(0,2) N Ny) > 0.
This completes the proof of the claim that Zr(f) = {1}.

7. EXAMPLES

The objective of this section is to present some direct applications of Theorem 6.2 as
well as some nontrivial examples of elements in Z*°(ID). Additionally, we present exotic
examples of M-ideals that are singly generated by functions from H*(D)\ Z*(D). We begin
by highlighting, in the context of Theorem 6.2, that the M-ideals are more explicit. For
instance, given f € Z°°(D), define

Z(f) ={g € H*(D) : Z7(f) C Zr(g) and g has a continuous extension to Zp(f)}. (7.1)
Observe that
Ty (f) € Z(f)-
Now we assume that f is outer. Pick g € H*°(ID) such that g|z,(s) is continuous, and
Zr(f) € Zx(g).

For each open set U containing Zr(f), there exists a neighborhood A C U of Z7(f) such that
the bounded approximate unit {f¢,, }m>1 constructed in the proof of Theorem 6.2 converges
uniformly to 1 on A¢ and

|£1,13] < e,
a.e. on A. Since -
fgm — 17
uniformly on A¢, it follows that
esssup |§(e”)(fgm) (") = 3(e”)] <,
ete Ac

and

ess Sup () (gm)(€”) = 3(e)] < 1G(O)I1f g + 1] < 2,

for sufficiently large m. Consequently, g € Iyeem)(f). This proves the following result:
Corollary 7.1. If f € Z°°(D) is an outer function, then
Igm)(f) = Z(f)-

In view of C[z] C Z*°(D), the following is immediate from Theorem 6.2:
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Corollary 7.2. Let p € C[z] be a polynomial. Then Iyemy(p) is an M-ideal in H®(D) if
and only if zeros of p lies on C\ D.

We now go on to the existence of some nontrivial outer functions in Z* (D). We provide
two classes of examples of different flavors. Recall that the disc algebra A(D) is the uniform

algebra of all continuous functions on the closed disc D that are analytic on the open disc D.
In other words (see (1.4))

A(D) = H>*(D) N C(D).
It is known, as well as evident, that A(D) & H*°(D). In the following, we present an example

of an outer function in ZOO(]D) that also has points of discontinuity on T. In particular, we
prove that A(D) & Z>(D

Example 7.3. Consider the singular inner function

s@y:wp<”+q (z € D),

Z—1

and the outer function

h(z)=1—=2 (z € D).
Since s is an inner function, 1 — s is an outer function. Therefore, being the product of two
outer functions, it follows that

f(z) =1 =s(z))h(z)  (z€D),

is an outer function. Observe that

fo=0-a(1-ew (1)) Gen

z—1i
and hence
Zp(f) = {1, —i}.
Since the support of 5 is {i}, it follows that s is analytically extendable to T\{i}. In particular,
1 — s is continuously extendable to {1, —i}. Since s is continuous on T\{i}, it follows that f

is continuous on Zrt(f). Therefore f € Z>*(D). However, since s is discontinuous at i and
h does not vanish at the point i, we conclude that f is discontinuous at ©, and subsequently,

/¢ AD).
Now we turn to the second example.

Example 7.4. We consider the outer function f as constructed in (6.4):

£(2) —mm< /‘sze M) (> € D),

where
—nifb e (G n+1) HUlE n_—i-ll))
k<0): % Zf‘ge[ Qnaﬂ_g%_gin]
1 otherwise .

We already know that Zr(f) = {1}. Observe, for sufficiently large n, we have

<) (o)
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whenever 6 gets close to 0. Hence
7)) = 0 = e
As a result, f is continuous at 1. Now there exist sequences {0} and {ym} such that
0, C |T——, T — — — — (m >1),
and
k(vm) =1 (m>1),
and 0,, — 7, and v, — 7. This implies that | f| is not continuous at .

Therefore, there is no dearth of examples of functions in Z*°(ID). Moreover, as we have
shown above

AD) & Z=(D).
We now present an additional collection of natural yet exotic M-ideals in H>°(ID).
Theorem 7.5. Let f € H>®(D) such that || f|| = 1. Suppose |a| =1 and
« € ess-ran f.
Then Igeom)(ov — f) is an M-ideal in H*(D).
Proof. Without any loss of generality, we may assume that
a =1 € ess-rangef.

Fix an € > 0, and let 3
A={CeT: f(¢) e B},
where B.(1) denotes the open ball of radius € centered at 1. Note that

f(A%) €D\ B.(1).
Now we define a function g € H>*(D) by

1+ f
=73
For each z € A, we have
1+ f(2)] 1 €
1— S A . -
-9 = [1- D) = Jn- s <5

and hence
g(A) € B(1).

Define h € A(D) by

z+1
h:= .
2

We have by the triangle inequality that ||h|| < 1. Moreover, on the boundary T, we have
2 _ 2(1 + cos(0)) 1+ cos(0)

4 2 '
Therefore |h(e?)| = 1 only when € = 1. By continuity, there exists ¢ € (0,1) such that

sup |h(z)] <e.

[h(e”)]
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Since

g=hol.
it follows that
9] < e <1,
on A¢. Observe that
T m)(1 = f) = Inem)(1 — g).
Therefore, it is enough to prove that Iyem)(1 — g) is an M-ideal in H*°(ID). To this end, we
will construct one approximate identity in Iyem)(1 — g). For each n > 1, set

fn=1-—g"
Since
l—g"=(1-g)(l+g+-+g""),
it follows that f,, € Ige~my(1 — g). Moreover
(I=g)fu—(1—-9)=—-(1-9)g"

By using the property of radial limits, we conclude

= on A
1—g)g"| <2
(1= 9)g"] < {26“ on A€
By the maximum modules principle, we find that {f,},>1 is a bounded approximate identity
in Ipeomy(1 — g), and hence Iyoo(m)(1 — g) is an M-ideal in H>°(DD). O

Now we turn to the final example in this section. The class of functions given in the above
theorem has the potential for the existence of singly generated M-ideal in H*°(D) that may
not belong to Z*°(D). Indeed, the following example shows an M-ideal in H*(D) generated
by an outer function not belonging to the class Z°°(D).

Example 7.6. Define an integrable function k on (—m,m| by
—(6% +1 f —
k(9) = (602 +1) Z.f T<0<0
—0 if0< 60 <,

and consider the corresponding outer function

£(2) = eap (i /W S(z, 9)k(9)d0) (> € D).

2m ) .

Now, observe that
1 € ess-rangelf|,

and hence there exists o« € T such that

1e ZT(Oé — f)
On the other hand, if 6 — 0 from the left, then
k(#) — —1,

and hence .
|f| — k(0) = -



M-IDEALS 29

Therefore, a — f is not continuous at 1 (or on Zy(a— f)) but, in view of the above theorem,
I my(a — f) remains an M-ideal in H*>(D).

The examples and results shown in this section indicate that the structure of M-ideals in
H>(D) is intricate, even when considering M-ideals that are singly generated.

8. FINITELY GENERATED M-IDEALS

In the preceding sections, we examined representations of ideals that are singly generated
by functions from Z*(ID). Specifically, we showed in Theorem 6.2 that the ideal Ipoom)(f)
is an M-ideal for some function f € Z*°(D) if and only if f is an outer function. In this
section, we consider M-ideals in H*°(D) that are finitely generated by functions from Z>(D).
Given m functions {fi,..., fm} € H*(D), denote by Iye(m)(fi,--., fm) the ideal generated

by {fi,. .., fm}-

Recall the inner-outer factorizations of H>(D)-functions (see (1.3)): Given a nonzero func-
tion f € H>®(D), there exist an inner function f; and an outer function fo such that

f = f[an
on . Moreover, this factorization is unique up to a constant of modulus one.
Theorem 8.1. Let {fi,..., [} C Z%°(D). If Igecm)(fi,--., fm) is an M-ideal in H*(D),
then there exists an outer function f € Z°°(D) such that
IHOO(]D))(fh ey fm) — [HOO(]D))(f)
Proof. Suppose Igeom)(f1,- .-, fm) is an M-ideal in H*°(D). Let
fi = fijfoj,

is the inner-outer factorization, where f7; is the inner factor and fo ; is the outer factor of f;
forall j =1,...,m. In view of

flijj GIHOO(D)(fla'-->fm) (jzl,...,m),
we know, by Theorem 5.2, that

foj € In~m)(fi,---, fm) (j=1,...,m),
and hence
Ty (fori,- -, fom) C Iy (fis-- ., fm)-
By using the inner-outer factorizations of f;’s, the other set inclusion becomes trivial. Then

Tgoemy(fors - -, fom) = Taee @) (f1, - - fm)-

Therefore, without any loss of generality, we may assume that f;’s are outer functions in
H>(D). Our goal is to prove that

Ty (f1s- - fm) = Tuem)(f),

for some outer function f € Z°°(D). We prove the assertion for m = 2. The complete proof
follows similarly by induction on m. Therefore, our revised goal is to prove the following fact:
Assuming that Iyem)(f1, f2) is an M-ideal in H>°(D) for some fi, fo € Z>°(ID), there exists
an outer function f € Z*°(ID) such that

IHOO(D)(fla fz) = IHOO(ID))(f)'
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To this end, first, assume that

Z(fi) N Z(f2) = 0.

Since f; € Z*(ID) is outer, by Theorem 6.2, it follows that Iyeom)(f;) is an M-ideal, j = 1,2,
and hence there exist bounded approximate units, say (by an abuse of notation) {¢, }m>1 and
{Wm}m>1 In Tgeoy(f1) and Igeem)(f2), respectively, as constructed in the proof of Theorem
6.2. We highlight the following key properties: For any ¢ > 0, there exists a neighborhood
Uy C T of Zy(f1) such that

|om — 1] <&, (8.1)
on Uy, and
[om| <e, (8.2)

on U; for sufficiently large m. Similarly, there exists a neighborhood Uy C T of Zp(f2) such
that |@,, — 1| < € on Uf, and |@p,,| < € on U, for sufficiently large m. Since Z7(f1) and Z7(f2)
are compact, without any loss of generality, we may assume that

UlﬂUQZ(b-

Therefore, for sufficiently large p,q > 1, we have

‘—%—i_wq —1‘ <e,
2
on Uy UUs =T. That is
l—e< ’—%j%bq :
2
on T. But
@p+¢q

and hence, by Theorem 5.2, we conclude

Troomy (f1, f2) = Treemy(1).
Now we assume that
Zy(f1) N Zx(f2) # 0.
For each p,q > 1, define
Cpg = Pp + Vg — ¥y
Then
§p7q € ]H“(D)(flaﬁ) (Paq > 1)-

We claim that {(4}pe>1 is a bounded approximate unit in Igeom(fi, f2). It is clear that
{Gp.q}p.q>1 1s a bounded set. It is now enough to prove that

lim gp,qu = fj7
b,q

for all j = 1,2 (with respect to the lexicographic ordering). Fix ¢ > 0. Since {¢y,}m>1 is a
bounded approximate identity in Izem)(f1), there exists py > 1 such that

1f1 = opfillo <€ (p > po).
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We compute

[Cpaf1 = fill = llopfi + Yo fi — et — il
= HQOpfl — i+ Y — @pwqflu
< llepfr = Al + gl fr = epfil
< e(l+ vl
<e(l1+4 M),

for all p > po, where (recall that {¢,},>1 is a bounded sequence)

M = sup ||t
q

Assume, without any lose of generality, that ||¢pllc < M for all p > 1. Then, a similar
computation as above implies the existence of a number ¢y > 1 such that

[Cpafe = foll < e(1+ M),
for all ¢ > ¢qo. Hence
1Cp.afi — fill < e(1+ M),

for all j = 1,2, and p > py and ¢ > qo. Then {(,4}p¢>1 is a bounded approximate identity
in, and consequently Igeom)(fi, f2) is an M-ideal. It remains to prove that Iyeem)(fi, f2) =
I m)(f) for some outer function f € H>(ID). First, let us define

I={hec H*D): Zr(fi) N Zr(f2) C Zr(h) and h|z,(f,)nz.(s) is continuous}.
We claim that Igeem)(fi1, f2) =Z. Let h € Z. We want to show that
lim Qt;;lﬁ = h.
P
Let € > 0. Since h € C(Z(f1) N Z(f2)), we can find an open set U C T such that
Z(f[)NnZ(f2) C U,
and .
hl <=
| | 47
on U. Asin (8.1) and (8.2), there exist open sets Uy, Uy C T such that Z(f;) C U;, j = 1,2,
and

UiNnU, CU.
Moreover, we have the following properties:
€ lop — 1| on U
2(nl (Il on Uy,

and

e |1/1~q —1] on U§
2||h]| |94 on U,
for sufficiently large p and ¢. Also

16l = Bl = (Bph + Wogh — Ggh) — R,
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where, for sufficiently large p and ¢, we have

(4] on Uy NU,
1ol llA = bl + [[gh = Rl on Uy NUS
[9gllllh =GRl + 15h = Al on Uf N U,
Ullllh = Gphll + 1 Gh = Al on UF N US

7

[(@ph + Ygh — Pybgh) — h|| <

& on Uy NU;

e IF e |7 .

< 20l H]jH + 20171 H{LH on U; NU;

Bk H{LH 3 H}}H on Uy NUs,

E_ . _&_ . c c

\ 2|7 1n]l + 207l |h]]  on UfNUs
<&,

and hence
h e ]H°°(]D))(f17f2)-

On the other hand, it is clear that every function in I(fi, fo) vanishes and is continuous on

Z(f1) N Z(fz). Therefore

Tpem)(f1, f2) = T,
which completes the proof of the claim. Finally, since f; and fs are continuous on Z( f1)NZ(f2)
and since Z(f1) N Z(f2) is a closed subset of T with Lebesgue measure 0, by a theorem of
Fatou, there exists an outer function f € A(D) such that Zy = Z(f1) N Z(f2). But Corollary
7.1 implies

I(f) = [<f17f2)7
which completes the proof of the result. O

It is perhaps noteworthy to mention that the proof of the above theorem remains valid even
when an infinite number of generators are adopted. However, in order to execute the proof
in its present form, one needs to have the crucial finite intersection property of compact sets.

It is customary to ask about expanding the representations of M-ideals in H>°(ID) beyond
those that are finitely generated or generated by functions from Z°°(D). However, as men-
tioned in Section 3, the set of all M-ideals in H>*°(ID) is vast, and the complexity seems to be
akin to that of the maximal ideal spaces of H*(ID). Strengthening these results is crucial for
advancing the theory of M-ideals and the theory of bounded analytic functions, as it could
potentially lead to the development of new approaches in these fields and their connected
ones.

We wrap up this paper with a more specific question. In view of Theorem 5.2, we know
that all M-ideals are analytic primes. We also note that the classification of closed prime
ideals in H* (D) is unknown (however, see [7, 20, 27, 29, 37, 38]). An intriguing question thus
emerges concerning the classification of analytic primes in H*°(ID) or a more general uniform
algebra.
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